We describe a general method to compute weight 3/2 modular forms "associated" to a given weight 2 modular form f of level N, and relate its Fourier coefficients to central values of quadratic twists (real and imaginary)
Introduction
Let f ∈ S 2 (N ) be a newform of weight two and level N . If f (z) = ∑ ∞ m=1 a(m) q m where q = e 2πiz , and D is a fundamental discriminant, we define the twisted L-series
We will assume that the twisted L-series are primitive (i.e. the corresponding twisted modular forms are newforms). There is no loss of generality in making this assumption: if this is not the case, then f would be a quadratic twist of a newform of smaller level, which we can choose instead.
The question of efficiently computing the family of central values L(f, D, 1), for fundamental discriminants D, has been considered by several authors (see [Gr] , 
for −3D a fundamental discriminant. We will thus assume that 3 D.
2.1. Imaginary quadratic twists. Let D < 0 be a fundamental discriminant. If q Qi(x,y,z) ; we obtain a weight 3/2 modular form of level 4 · 27, namely g = Θ(Q 1 ) − Θ(Q 2 ) = q 4 − q 7 − q 19 + q 28 − 2q 40 + 2q 43 + · · · . = +1, we will employ a method similar to the one used in [MRVT] for prime levels. We need to choose an auxiliary prime l ≡ 3 (mod 4) such that ( −l 3 ) = −1 and such that L(f, −l, 1) = 0, for example l = 7. Following [MRVT] we define a generalized theta series
where ω 7 and ω 3 are the two kinds of weight function introduced in §2.2 and §2.3 of [MRVT] , respectively. The superscript in ω (i) 3 and ω (i) 7 indicates that we are writing the weight functions in the basis corresponding to the quadratic form Q i .
The weight function of the first kind can be computed as
if 7 x, ( 5z   7   ) otherwise;
and ω (2)
if 7 3y + 5z, ( 6x   7   ) otherwise.
The weight function of the second kind can be computed as
, and ω
3 (x, y, z) = ( 2x + y + 2z 3
) .
The generalized theta series will be 
this explains the fact that the coefficients in Table 2 , with the exception of c −7 (1), are all divisible by 3. 
and the formula is now Table 2 shows the values of the Fourier coefficients c −7 (D) of g −7 and of L(f, D, 1),
The curve 15A
Let f be the modular form of level 15, corresponding to the elliptic curve X 0 (15), of minimal equation
The eigenvalues of f for the Atkin-Lehner involutions W 3 and W 5 are +1 and −1, and the sign of the functional equation for L(f, s) is +1.
The method of Gross, as extended by Böcherer and Schulze-Pillot to the case of square-free levels, requires that the ramification of the quaternion algebra agrees with the Atkin-Lehner eigenvalues. In this case, it would be necessary to work with the quaternion algebra ramified at 5 and ∞. To exhibit the generality of our method, we will work with the quaternion algebra ramified at 3 and ∞ instead.
Let B = (−1, −3) be such a quaternion algebra; an Eichler order of level 15 (index 5 in a maximal order) is given by 
3.1. Imaginary quadratic twists. Let D < 0 be a fundamental discriminant.
We say that D is of type (s 1 , s 2 ) if ( Note that the linear combination of classical theta series Θ(Q 1 ) − Θ(Q 2 ) is trivially zero, since Q 1 = Q 2 ; this reflects the fact that the ramification does not match the Atkin-Lehner eigenvalues. Instead we set
where ω 3 and ω 5 are weight functions of the second kind as in [MRVT, §2.3] . We have Θ 1 (Q 1 ) = −Θ 1 (Q 2 ), and hence we obtain a modular form of weight 3/2 and level 4 · 15 2 , namely
The corresponding formula is
where c 1 (D) is the |D|-th Fourier coefficient of g 1 , and To obtain the other 4 types of negative D, we need to choose an auxiliary prime
= −1, and such that L(f, l, 1) = 0, e.g. l = 17.
We then define the generalized theta series
where ω 17 is the weight function of the first kind defined in [MRVT, §2.2] . Now
is a weight 3/2 modular form of level 4 · 15. As expected by the multiplicity one theorem of Kohnen [Ko] , this form turns out to be the same as the one constructed by Böcherer and Schulze-Pillot. The formula in this case is
or (0, 0) , and = 1, 2, 2, or 4 respectively; where c 17 (D) is the |D|-th Fourier coefficient of g 17 , and For the first two types we need an auxiliary prime l ≡ 3 (mod 4) such that
= +1, and such that L(f, −l, 1) = 0, e.g. l = 19. Again
with ω 19 of the first kind and ω 5 of the second kind. The modular form
has level 4 · 15 · 5, and the formula is For the remaining two types we need an auxiliary prime l ≡ 3 (mod 4) such that
= −1, and such that L(f, −l, 1) = 0, e.g. l = 23. As before we define
with ω 23 of the first kind and ω 3 of the second kind. The modular form
has level 4 · 15 · 3, and the formula is 
The curve 75A
Let f be the modular form of level 75 corresponding to the elliptic curve of minimal equation
The eigenvalue of f for the Atkin-Lehner involution W 3 is +1, for W 25 is −1, and the sign of the functional equation for L(f, s) is +1.
Let B = (−1, −3) be the quaternion algebra ramified at 3 and ∞, and consider the order R = 1, i, 1+5j 2 , i+5k 2 , an Eichler order of level 75 (index 25 in a maximal order). The class number of left R-ideals is 6, and the eigenvector for the Brandt matrices which corresponds to f is (1, −1, 1, −1, 0, 0) , with height 6.
The ternary quadratic forms associated to the right orders of the choosen ideal class representatives are For the first case we look at the generalized theta series Qi(x,y,z) ;
we obtain the modular form
The formula
is satisfied (c.f. Table 5 , top), where c 1 (D) is the |D|-th Fourier coefficient of g 1 and
In the second case we need to choose an auxiliary prime l ≡ 1 (mod 4) such that
= −1 and L(f, l, 1) = 0, for example l = 13, and define
We obtain the modular form For the first two cases we can use the generalized theta series
Thus we obtain a modular form of weight 3/2, namely
and the formula is In the other two cases we can use the generalized theta series
We obtain a modular form of weight 3/2 g −7 = 3q 12 + 3q 13 − 3q 28 − 6q 33 + 6q 48 − 9q 52 − 3q 57 + 6q 73 + · · · , satisfying the formula
= 1 or 2 respectively, c −7 (D) the D-th Fourier coefficient of g −7 , and 
Computation
Using the methods of the previous section we computed the coefficients up to 10 8 for all the theta series of weight 3/2 corresponding to elliptic curves 27A and 15A. The computation of the theta series for the elliptic curve 75A are currently underway, and will be published online at [CNT] . All the computations were done on a cluster of 2.2GHz AMD Opteron processors funded by a NSF SCREMS grant and run by the Department of Mathematics of the University of Texas at Austin 1 .
The computation for 27A is quite fast. Indeed, the form g 1 is a combination of classical theta series, and was computed in about 4 cpu-hours using the standard qfrep function of PARI/GP [GP] . The form g 7 , on the other hand, requires using weight functions, and computing it took about 40 cpu-hours using a custom qfrepmod function written in C for this purpose, together with a collection of GP scripts to compute weight functions. The strategy is to use the fast qfrepmod function to compute theta series with congruences where the weight functions are constant, and combine them together in a GP script.
The computation for 15A is much longer. Indeed, the higher conductor of the weight functions requires too many congruence theta series except in the case l = 1.
We actually divide the computation of the coefficients of the g i by the congruence class of its index modulo 60. In particular, we avoid the need to reserve memory for coefficients that are trivially 0 (namely, only half the indices are actual discriminants, and from those half correspond to quadratic twists with sign − in the functional equation). Moreover, each computation requires only a fraction of the space to keep all the coefficients in main memory while counting vectors. It also lends itself to a trivial way to parallelize the computation in 30 independent processes.
The computation used 30 cores in the above mentioned cluster, with a wall time of 26.5 days (this was the time for the two longest running processes, corresponding to discriminants congruent to 2 and 8 modulo 60). The accumulated running times were as follows: We believe the running times for all but g 1 are affected by the number of congruences, the combination of which is done by a GP script thus, we expect the times for the last three computations can be improved quite a lot with a careful rewriting in C of this code.
Note also that the modular form we are calling here g 17 can also be computed as a difference of two classical theta series by working with the quaternion algebra ramified at 3 and ∞, and this will be much quicker in all cases. Thus, the totality of imaginary quadratic twists could be quickly computed.
Random Matrix Theory
The purpose of this section is to check some of the various conjectures of [CKRS] and [CKRS2] . We start by stating the conjectures; we checked each of them numerically with the computation discussed in the previous section.
An important comment should be made: in [CKRS] and [CKRS2] , the conjectures are stated and checked, in case of non-prime level, only for a fraction of all quadratic twists, namely those that can be computed without weight functions using the methods of [Gr] and [Bö-SP] . In the case of the real quadratic twists they have been checked using the methods in [Pa-To1], . In both cases this has been based on a massive computation of classical theta series that was done in [CKRS2] , using ternary quadratic forms data that was computed by the second author with aid from the first author [To], first published in december 2003, and in its final form since january 2004.
In this paper we have shown how to compute, in a few examples, enough weight 3/2 modular forms so as to be able to compute the central values for all the quadratic twists. Hence we state the conjectures for all the quadratic twists for which the sign of the functional equation is +, and give numerical evidence for the conjectures for all such twists. The task remains of doing a massive computation like the one done in [To] and [CKRS2] to check these conjectures for a very large and not partial set of quadratic twists for a large number of different elliptic curves.
In order to state the conjectures, fix an elliptic curve E defined over Q. We let S(X) be the set of fundamental discriminants, of absolute value up to X, such that the corresponding quadratic twist of E has positive sign in the functional equation.
We will refine the conjectures of [CKRS] sorting the discriminants by congruence classes in addition to sign: for M a positive integer and a an integer, we let
Among those, we consider the subset S p (X; a, M ) of prime discriminants, i.e. 
We remark that the constant c p E (a, M ) could be 0, as noted by [De] . In contrast, we believe that the constants c E (a, M ) in the next conjecture should always be positive. Then
The case of conjectures 1 and 2 stated in [CKRS] correspond to the case M = 1, with a = ±1, and moreover restricted to partial subsets of discriminants. In figures 1 and 2 we show the numerics for the elliptic curve 27A in the case of prime discriminants (Conjecture 1), and in figures 3 and 4 we show the numerics in the case of all discriminants (Conjecture 2). For the elliptic curve 15A we have the corresponding figure 5 for the case of prime discriminants, figures 6 and 7 for the case of all discriminants. By the work of Delaunay (see [De] ), we know that the constant c p E (−1, 1) is 0, thus we only show positive prime discriminants for this curve. On the other hand, the graphs of c E (X; ±1, 1) for this curve seem to be too smooth, as if they had e.g. logarithmic growth. We do not have an explanation for this. Table 10 . Numerics for imaginary quadratic twists of 15A, with X = 10 8 .
We recall another conjecture from [CKRS] : let q be a prime, and consider the ratios
where a q = q + 1 − #E(F q ). As noted in [CKRS] , the conjectural value R q of the limit is the square root of the ratio of #E(F q ) to #E χ (F q ), where χ is a quadratic character such that
In figures 8 and 9 we plot, for the elliptic curve 27A, and for each prime number q = 2, . . . , 3571 the values R + q (10 8 ) − R q and R − q (10 8 ) − R q , respectively. In figures 10 and 11 we do the same for the elliptic curve 15A. It can be seen on the graphics that these values are close to 0 (the expected limit as X goes to infinity). nants, compared to the expected limit, the standard Gaussian.
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